




Using Eq. 3, the distance measured from the set A to the set
B is defined as:

d A;Bð Þ ¼ maxai2Ad ai;Bð Þ ð4Þ

It should be noted that the distance measured from set A to
set B, d(A, B), and the distance measured from the set B to
the set A, d(B, A), can be different. The Hausdorff distance
dH(A, B) is defined as:

dH A;Bð Þ ¼ max d A;Bð Þ; d B;Að Þf g ð5Þ
In other words, we first calculate the maximum

Euclidian distance from one point set to the nearest point
in the other set through Eqs. 3 and 4 and then take the
largest distance between that calculated from one point set
to the other and vice versa (Eq. 5). Thus, the Hausdorff
distance essentially evaluates the magnitude of overlap of
two objects, focusing on the point in an object that is most
deviated from the other object. The larger the deviation is,
the larger the evaluated distance becomes.

Figure 6 shows some examples of the Hausdorff distance
calculated between structural models. As shown in the
figure, the Hausdorff distance reasonably captures the
similarity (or dissimilarity) of the reservoir geometry
between the models. To reduce central processing unit
(CPU) cost for distance calculation, an efficient geometric
search technique (e.g. Octree) is utilized. The Hausdorff
distance is replaceable by any distance function as long as
(1) the difference in the distance between two models
correlates to the difference in their forward model response
and (2) the distance calculation is computationally inex-
pensive. In this paper, we selected the Hausdorff distance to
measure the similarity of reservoir geometry because it is a
well-established distance function in pattern recognition
problems, often used for shape matching of objects. In
Section 2.2.4, we show the validity of the Hausdorff
distance to define a parameter space for history matching

of reservoir structures, by demonstrating the spatial struc-
ture of production response in the space.

2.2.4 Validation of distance function

The Hausdorff distance [19, 20] defines the parameter
space for history matching where the models that reproduce
historical production data are searched by a stochastic
search method such as the NA (Section 2.2.2). However,
for the search method to be effective, the response surface
(=objective function surface) should be structured (i.e., not
random) in this space. The NA assumes that there exist
some correlation between model distance and difference in
flow response; otherwise, the search would be random. We
will show that the production response is structured in the
parameter space defined by the Hausdorff distance. This is
investigated by the following procedure.

First, we constructed a synthetic data set for the
numerical test. This synthetic data set considers a hypo-
thetical (but typical) reservoir case where the uncertainty
associated with structural modeling exists in (1) geological
interpretation (fault or no fault), (2) position of top horizon,
(3) gross thickness, and (4) the position of faults. A total of
400 prior structural models were built by the procedure
described in Section 2.1 with:

1. Four different interpretations: with three faults, two
faults, one fault, and no fault

2. Five different perturbations of top horizons for each of
(1): uncertainty range=150 m

3. Five different perturbations of bottom horizons for each
of (2): uncertainty range=20 m

4. Five different perturbations of fault locations for each
of (3): uncertainty range=150 m

The areal size of the reservoir is 2.6×4.7 km. The
average reservoir thickness is approximately 30 m. As
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dH dH
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dH = 115
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dH
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Fig. 6 Hausdorff distance be-
tween selected structural models
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shown in Fig. 7a, the variation of the reservoir geometry
because of the different interpretations is exaggerated: That
is, the reservoir compartmentalization would be informed
by the production data to some extent in realistic situations;
thus, it is unlikely that the interpreter provides a model
where the reservoir is completely partitioned by three faults
(interpretation 1 in Fig. 7a) and a model without fault
(interpretation 2 in Fig. 7a). However, because the purpose
of this synthetic case is to test the distance function, we
adopted this exaggerated uncertainty. Based on these four
models, a total of 20 models were generated by a stochastic
perturbation of the top horizon (five of then are shown in
Fig. 7b as examples). In this case, the top horizon depth
was stochastically perturbed using a discontinuous pertur-
bation field across the faults (for models including faults) to
account for fault throw uncertainty. As shown in Fig. 7b,
the fault blocks exhibit connection and disconnection
depending on the perturbation of the top horizon. For an
interpretation that does not include a fault, this perturbation
models the uncertainty related to horizon positioning.
Based on these 20 models, the prior structural models were
further generated by perturbing gross thickness from each
single model. Because the average reservoir thickness is
approximately 30 m in this reservoir, the uncertainty range
in gross thickness was set to 20 m, which leads to a smaller
perturbation compared to that of the top horizon. The
uncertainty in the fault position was modeled through the
lateral perturbation of faults from each single model. As
shown in Fig. 7, the depth of the top and bottom horizons is
honored at the well markers.

Then, we performed flow simulation on all given
structural model realizations. This is a luxury not afforded

when actually applying the method for history matching.
However, because this numerical experiment is only for
showing the appropriateness of the Hausdorff distance, we
built the model realizations of the synthetic data set such
that a flow simulation could be run in small CPU time: In
this synthetic data set, the dimension of the stratigraphic
grid is 50×25×1. Based on the simulated flow perfor-
mance, we computed the misfit function M(mi, mj) between
every pair of model realizations. The misfit function M(mi,
mj) between model realizations mi and mj is calculated as:

M mi;mj

� � ¼ 1

N

XN
k¼1

g k mið Þ��� g k mj

� ���2
σk2
D

ð6Þ

where:

g(mi) production data simulated from model mi

s2
D error variance of production data

Note the difference between the misfit function M(mi,
mj) of Eq. 6 and the objective function O(m) defined in
Eq. 1 (Section 2.2.2), i.e., mismatch to the field data. The
plot of this misfit function M(mi, mj) against the Hausdorff
distance, with smoothing over a certain lag distance Δd, is
identical to the omni-directional variogram of production
data expressed as a function of the similarity distance. If
this variogram shows a structure (i.e., not a pure nugget), it
ensures that the production data simulated from the
realizations of structural models is spatially correlated in
the space defined by the given similarity measure.

The water-flooding performance is simulated on the
model realizations for 10 years with five producers (P1, P3,
P4, P6, P7) and three injectors (I2, I5, I8; see Fig. 7 for well
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interpretation 3 in a
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locations). Uniform porosity and permeability are specified.
The model is an undersaturated reservoir (no gas cap) with
an oil–water contact at the depth of 2,540 m, located
between wells P7 and I8. The flow simulation is performed
with a fixed oil rate and water injection rate, and the
bottom-hole shut-in pressure (BHSP) and water cut (WC)
are recorded. The variogram of production data is computed
for the misfits of WC, shut-in pressure, the total misfit (i.e.,
BHSP+WC), and water breakthrough time and depicted in
Fig. 8. The total misfit is calculated from Eq. 6 by
specifying error variance s2

D as (2%)2 for WC and
(100 psi)2 for pressure. These error variances are decided
based on the desired history-matching accuracy. Note that
by dividing misfit of production response |g(mi)−g(mj)|

2

with the error variance s2
D, each misfit term in Eq. 6

becomes dimensionless. Thus, the misfit of different
production data (i.e., pressure and WC) can be summed.

As shown in Fig. 8, the computed variogram of
production data exhibits a clear structure, confirming the
appropriateness of the use of the Hausdorff distance to
define the parameter space. A Gaussian structure with some
nuggets is observed at the distance less than 300 ft. This
part of the variogram is mostly attributed to the perturbation
of gross thickness and the perturbation of fault location.

This small-scale perturbation may affect production re-
sponse if the perturbation occurs near a well. However, if
the structure is perturbed far from the wells, the perturba-
tion would have almost no impact on flow. Thus many of
the misfit functions, if not all, evaluated between the
models separated by this small similarity distance are
almost zero depending on the location where the stochastic
perturbation took place, resulting in a low variogram at this
scale of similarity distance.

The structure of the variogram shown in Fig. 8 is
achieved because (1) the Hausdorff distance successfully
clustered the models with similar reservoir geometry in the
space and (2) the models with similar geometry also exhibit
similar production response because of the strong impact of
reservoir structure on flow behavior. In other words,
clustering reservoir models in the space based on the
similarity in geometry is consistent with clustering the
models in accordance with the similarity in production
response. This structure of the variogram does not indicate
unique correlation between the Hausdorff distance and the
misfit of production data. It only indicates the spatial
correlation of production response in the space defined by
the Hausdorff distance. However, this spatial correlation is
sufficient for the requirement of the stochastic search
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method such as the NA, which relies on the similarity of
model response in near-neighbor in the space for the search.

3 Synthetic reservoir application

The synthetic case studies are conducted to demonstrate the
applicability of the proposed method. A reservoir example
considered here is built based on actual geological settings.
Figure 9 illustrates the synthetic “true” reservoir model
used for obtaining a historical production data. Figure 9a
depicts the “true” reservoir structure together with (hypo-
thetical) well locations. The reservoir is located at the flank
of a salt dome and bounded by two sealing faults, a salt
flank and an edge water. It is faulted by four parallel faults
elongating along the slope of the salt flank. Twelve
producers and four injectors are drilled as shown in the
figure. The petrophysical properties models for the “true”
reservoir are generated using classical geostatistical tech-
niques (Fig. 9b). A synthetic historical production perfor-
mance is simulated for 10 years, specifying the oil
production rate and water injection rate depicted in
Fig. 10a. The oil is initially recovered by natural depletion.
However, because of the limited pressure support from the
aquifer, the field oil production started declining after
2 years of production. One year later, peripheral water
injection is started to maintain reservoir pressure. The
reservoir pressure is successfully boosted, and the field
production achieves a plateau rate for approximately
3 years. However, because of the increase in the WC, the
oil production starts declining after 5 years. The synthetic
well production data (BHSP and WC) is generated from the
simulated production behavior by adding some Gaussian
noise. Figure 10b overlays the BHSP at the reference depth
of 6,000 ft true vertical depth subsea, measured at 12

producers. This figure indicates that the entire reservoir is
connected, as the rises and falls of pressure observed at all
producers are synchronized. No significant discrete changes
in pressure behavior between the various wells are
observed. This insight can be utilized when providing
structural interpretation.

3.1 Prior uncertainty modeling

The prior structural uncertainty is modeled starting from three
structural interpretations based on different geological sce-
narios. In this synthetic case, it is assumed that seismic
resolution is low and the quality is poor; thus, it is difficult to
identify faults and horizons. However, it is known from field
pressure data that the entire reservoir is flow communicated.
A total of 432 prior structural models are built by:

1. Three different interpretations (Fig. 11)
2. Three different perturbations of top horizons for each of

(1), using a discontinuous perturbation field across the
faults accounting for fault throw uncertainty: uncertain-
ty range=200 m

3. Three different perturbations of top horizons for each of
(2), using a continuous perturbation field: uncertainty
range=100 m

4. Four different perturbations of the bottom horizons for
each of (3): uncertainty range=100 m

5. Five different perturbations of the fault locations for
each of (4): uncertainty range=150 m

The areal size of the reservoir is 3.4×4.2 km. The
average reservoir thickness is approximately 200 m. As
shown in Fig. 11, the first structural interpretation (inter-
pretation 1) comprises a smaller number of faults than the
“true” structure. The second interpretation (interpretation 2)
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Fig. 11 Structural models based on three different interpretations, a 3D views and b cross-sectional views

1 3 4 5 6 7 8 9 10

A3
AH6
BB6
BC1
CB3
DB1
FA7
GA6
HA5
JA4
JD1
TA1

A3
AH6
BB6
BC1
CB3
DB1
FA7
GA6
HA5
JA4
JD1
TA1

-
0

Years

O
il 

R
at

e,
 M

S
T

B
/D

Years

O
il 

R
at

e,
 M

S
T

B
/D

a b

A3
AH6
BB6
BC1
CB3
DB1
FA7
GA6
HA5
JA4
JD1
TA10

500

1000

1500

2000

2500

3000

3500

- 2

A3
AH6
BB6
BC1
CB3
DB1
FA7
GA6
HA5
JA4
JD1
TA1

P
re

ss
u

re
, p

si
a

BHSP @ 6000 ft-TVDSS

Years

O
il 

R
at

e,
 M

S
T

B
/D

10

20

30

40

50

60

70

80

90

100

0

500

1000

1500

2000

2500

3000

3500

0.0

0.5

1.0

0 5

Years

W
at

er
 C

u
t, 

fr
ac

.

P
re

ss
u

re
, p

si
a

O
il 

R
at

e,
 M

S
T

B
/D

Field Pressure

Field Water Cut

Field Oil Production

Water Injection Started at 60 MBBL/D

Fig. 10 Synthetic field production performance (a) and overlaid plot of well pressure data (b)

5000

8500

Top Depth 
(ft-TVDSS)

‘True’ Structure History Matched Structural Models

Fig. 12 History-matched structural models compared with “true” structure, case 1

116 Comput Geosci (2008) 12:105–119



5000

8500

Top Depth
(ft-TVDSS)

‘True’ Structure History Matched Structural Models
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is exactly the same as the “true” reservoir (=perfect
geological scenario). The third interpretation (interpretation
3) is modeled by a larger number of faults than the “true”
structure. The cross-sectional views of these structural
models are shown in Fig. 11b, together with permeability
distribution (the selected cross-section is indicated by an
arrow in Fig. 11a).

3.2 History matching

Using the structural dataset provided from the prior
uncertainty modeling, history matching is performed using
the NA. The following two cases are considered.

Case 1: Perform history matching with a prior uncertainty
space that consists of all structural models built in
Section 3.1. This means that the structural models
derived from a perfect geological scenario (inter-
pretation 2 in Fig. 11), including the “true”
reservoir model, are included in the prior uncer-
tainty space.

Case 2: Perform history matching with a prior uncertainty
space that consists of only the structural models
built from interpretations 1 and 3 (Fig. 11). This
means that the structural models derived from the
perfect geological scenario are excluded from the
prior uncertainty space. (a more realistic setting).

The BHSP and WC are simulated for 10 years by fixing
oil production rate and water injection rate to the history
and matched to the synthetic historical production data. The
petrophysical parameters are fixed to these of the “true”
petrophysical model. In both cases, history matching is
carried out aiming at finding two structural models that
reproduces the historical production performance.

Figures 12 and 13 depict the history-matched structural
models obtained in cases 1 and 2, respectively. The history-
matching results of these cases are shown for selected two
wells in Figs. 14 and 15, together with the simulated
performance of initial runs. Figure 16 shows the behavior
of the objective function during the optimization. The
number of flow simulations required for the history
matching is tabulated in Table 1.

As depicted in Fig. 14, a history match is achieved with
an acceptable matching accuracy in case 1. In this case, all
of the history-matched structural models are those models
derived from interpretation 2 (perfect geological scenario)
and exhibit a fairly similar reservoir geometry as the “true”
reservoir structure (Fig. 12). The matching accuracy of the
production data in case 2 (Fig. 15) is somewhat less than in
case 1. However, they are still within the acceptable range
for a realistic situation. As illustrated in Fig. 13, the
structural models that achieved the best match in case 2
are the models derived from interpretation 3, i.e., the
models with more faulting than the “true” geology. The
efficiency of the optimization in this case did not change
from that observed in case 1 (Fig. 16), despite the smaller
size of the prior uncertainty space.

As shown in Fig. 16, the convergence of objective
function during the stochastic search is not clear: That is,
the objective function shows considerable fluctuations. This
is because in this implementation of the NA, we set the
selection probability of the Voronoi cell to 0 as soon as the
Voronoi cell runs out of unvisited prior model. In other
words, we block the search to the Voronoi cell, which is
already fully explored. However, such a Voronoi cell is
usually located in the region where a low objective function
is achieved; otherwise, it would not have been explored so
intensively. An even better convergence of the objective
function could be expected if the probability perturbation
method [21] were coupled with the NA as implemented in
Suzuki and Caers [11]: That is, when the search arrived at an
“empty” Voronoi cell, a new structural model was generated
by the stochastic perturbation of the structural model from
the currently visited model. However, this would call for
tracking the structural parameters defining prior uncertainty.

Table 1 Number of flow simulations required for history matching

Number of flow simulations required

Total per HM model

Case 1 46 23
Case 2 47 23.5
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4 Conclusions

This paper proposes a new method/workflow for modeling
reservoir structure confronting several structural interpreta-
tions of geophysical/geological data with dynamic production
data. The methodology relies on the structural uncertainty-
modeling techniques using geostatistical methods. By pa-
rameterizing this uncertainty model in the context of
inversion problems, an efficient history matching can be
achieved by means of a stochastic search, honoring the
modeled prior structural uncertainty. The contribution of this
work is that it enables to model complex reservoir structures
fully integrating geophysics, geology, and reservoir engineer-
ing data, by linking geophysical/geological information and
automatic history matching. The methodology does not
history match a reservoir structure by a mere perturbation
from a single structural interpretation: It considers multiple
alternatives of seismic processing/interpretation, which in
fact is the major source of structural uncertainty.

The proposed method for history matching of reservoir
structure could be implemented as a first stage screening
process of a hierarchical history-matching workflow: That is,
we history match reservoir structure first by freezing other
reservoir properties (e.g., permeability, etc.) and eliminate
those structural interpretations that cannot explain historical
production data. Then, by fixing reservoir geometry, we
proceed to history match other reservoir properties that are of
smaller scale. The aim of this first-stage screening process is
not to obtain a detailed history match of production data.
Therefore, at this stage, it is a practical idea to use a coarse
reservoir model grid and coarse petrophysical property
models (without detailed geostatistical modeling) because
the primary interest here is only in reducing the structural
uncertainty through the incorporation of production data.
Then, the CPU spent on flow simulation would be much less
than a traditional flow simulation on a detailed petrophysical
model. However, on the other hand, it is critical to construct a
“rich” prior structural uncertainty model that covers a full
range of structural uncertainty; otherwise, this first stage
screening process may result in a “wrong” structural model.
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